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ABSTRACT  
Composite materials become more attractive for researches because of higher strength to weight ratio. As a 

result, many papers have recently published in this field. The current study deals with improving the resistance of hybrid 
laminated composite beam under critical buckling load. A number of carbon layers under various orientation angle and 
positions of hybrid fiber coupled with glass epoxy layers have been studied analytically and numerically. Firstly, an 
analytical model is presented by using Euler's theory to determine critical buckling load. Then, a 3D finite element 
models for the composite beams have been simulated by using ANSYS commercial program. The results show a very 
good agreement between theoretical and FEM (finite volume method). The critical buckling load, shows a proportional 
with increase the carbon layers number as same time the critical buckling load value shows a valuable decrease when 
the position of carbon layer insert towards the mid-plane more ever, this value various with orientation angle changing. 

 

Keywords: 

Critical buckling load; hybrid composite beam; buckling analysis; FEM. 

 

1. INTRODUCTION  

Composite materials offer many 

benefitfeatures such as higher strength  to 

weightratios and low costthat make them 

particularly suited to develop load bearing 
components for a variety of applications in the 

military , naval and aeronautical industries. Some 

features such as strength, toughness, 

specificweight, corrosion and wear resistance, and 

thermal stresses can be developed by the 

formation of a composite material and orienting 

the fibers in proper directions. However, there are 

many degradationphenomena which must be 

accounted for properly with respect of design 

laminated composites. 

 Composite can be 
manufacturing using various types of fibers. The 

most required properties for fibers are high 

strength, high stiffness and comparatively low 

value of density.As  it is characterized its low cost 

and high tensile strength, glass fibers are 

considered one of main material which is used in 

low to medium rendering composites . Since long 

time the idea of using combined  materials has 

been established in order to attend efficient 
materials.The laminated  composite beams which 

are manufactured using various bonded layers, are 

considered the most commonly used.Each  one of  

these layers has different properties in different 

directions.  [1]. 

 

 There are many published 

research studies to find critical buckling load of 

different types of composite laminates 

analytically and using finite element method. 

Hwang and Mao[2] carried out the buckling 
behavior of a single-fiber system experimental 

and 2D finite element method. In this study, 

hybrid laminate  compositesmanufacturing of 

various types of fiber layers with orientation 

. 
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angle of fiber is zero,  and different number of 

fiber layers are used. They studied the effect of 
size and position of delamination on the buckling 

load. Ching-Ping[3]. They predicted the buckling 

load numerically using total strain energy release 

rate, also they carried out compression test to 

determine the critical buckling load 

experimentally. Akbulut and Sayman[4] carried 

out a buckling analysis of a rectangular composite 

laminates. Using the first order shear deformation 

theory, they found the critical buckling loads of 

composite plates which were designed as 

symmetric angle-ply and anti-symmetric cross-ply 
under the in-plane compressive loads for constant 

or different thicknesses, simple or clamped 

boundary conditions.Atlihan et al.[5] investigated 

the effects of stacking sequences of composite 

laminated beams on critical buckling load and   

natural frequencies by generalized 

differential quadrature method and finite element 

method (FEM). Abdi and Dansehmehr[6] studied 

the buckling analysis of micro beams by 

considering Euler-Bernolli and Timeshenko beam 

theories based on modified couple stress theory 

for different boundary conditions. 
In this paper, the influence of increase 

number of carbon fiber layers, positions and the 

orientation angles of fiber for laminated 

composite beam on the critical buckling load are 

studied. The hybrid fiber laminated composite 

material beams have clamped –clamped ends. The 

beam made of layers  from carbon and glass with 

epoxy. The effect of buckling behaviors are 

investigated analytically and numerically using 

the FEM software, ANSYS. 

 

2. GOVERNING EQUATIONS OF THE 

MECHANICAL MODEL  

Twelve layers from glass and carbon fibers 

were bonded together to form the unidirectional 

multilayer laminated composite beam. The 

dimensions of the chosen clamped-clamped beam 

are 400 mm, 20 mm and 3.6 mm for the length, 

width and thickness respectively. 

The experimental properties data for the 

laminates fiber reinforced polymer are given in 

table (1) [7]. 

 
Table 1: Properties of carbon with epoxy layer 

and glass with epoxy layer . 
Composite laminate Carbon/Epoxy Glass/Epoxy 

E11(GN/m2) 170 77 

E22(GN/m2) 15.0 39 

ν12 0.41 0.24 

ν21 0.042 0.11 

G12(GN/m2) 6.2 4.8 

G21 (GN/m2) 4.1 3.2 

ρ(kg/m3) 1510 1750 

 

The bending moment M on the composite 

beam is shown in Fig. (1) can be written as [8]; 

𝑀 =  
2𝑏

3𝜌
  𝐸𝑥 𝑗  𝑧𝑗

3 − 𝑧𝑗−1
3  

𝑚

2

𝑗=1

        … (1) 

Where b is width of the beam, ρ is curvature 

of the beam, m is the number of layers of the 

beam, Ex is elasticity modulus of jth layer and zj 

is the distance between the outer face of jth layer 

and the neutral plane, respectively. The bending 
moment equation can be written as: 

𝑀 =
𝐸𝑒𝑓 𝐼𝑦𝑦

𝜌
=  𝐸𝑒𝑓 𝐼𝑦𝑦

𝑑2𝑤
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And 

𝐸𝑒𝑓 =  
8

ℎ3
  𝐸𝑥 𝑗  𝑧𝑗

3 − 𝑧𝑗−1
3  
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2
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     … (3) 

Where Eef is the effective modulus of 

elasticity,w is the lateral deflection, Iyy is the 

moment of inertia about the neutral axis of the 

beam andhis height of the beam. 

 
Fig. 1 The geometry of laminated composite 

beam 
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The elastic properties of an angle-ply 

lamina in which continuous fibers are aligned at 
an angle θ with the x-direction can be written as 

[9]: 
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A column CD of length L fixed at both 

its ends C and D and carrying a critical load at D. 

As shown in Fig. (2). [10] 

 

 

Fig. 2 Column with clamped ends 

The moment due to the critical load P, 

𝑀 =  −𝑃. 𝑦 

 

𝐸𝐼
𝑑2𝑦

𝑑𝑥2
=  𝑀 − 𝑃.𝑦                    … 8  
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The general solution of the above 

differential equation can be written as: 

 

𝑦 = 𝐴 𝑐𝑜𝑠  𝑥  
𝑃

𝐸𝐼
 + 𝐵 𝑠𝑖𝑛  𝑥  

𝑃
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+
𝑀

𝑃
 … (10) 

 

 Where M is fixed end moments at C and 

D, y is the deflection of the column at x, A and B 

are the constants of integration. 

The solution due to the nonhomogeneous 

equation consists of both a complementary and 

particular solution. The boundary conditions are: 

At x=0, y=0, therefore𝐴 = −
𝑀

𝑃
 

Differentiating the eq. (10) gives, 

𝑑𝑦

𝑑𝑥
= −𝐴  

𝑃

𝐸𝐼
𝑠𝑖𝑛  𝑥 

𝑃

𝐸𝐼
 

+ 𝐵 
𝑃

𝐸𝐼
𝑐𝑜𝑠  𝑥 

𝑃

𝐸𝐼
  … (11) 

And at x=0,  dy/dx=0, therefore 

0 = 𝐵  
𝑃

𝐸𝐼
 

Either B=0 or  
P

EI
 is equal zero. Since the 

load P is not equal to zero, it is thus obvious that 

B is equal to zero. Then substituting the values 

A =
M

P
 and B=0 in equation (10) we get, 

𝑦 = −
𝑀

𝑃
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When x=L, y=0 therefore 
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𝑀

𝑃
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𝑃

𝐸𝐼
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∴ 𝑐𝑜𝑠  𝑙  
𝑃

𝐸𝐼
 = 1 

𝑙  
𝑃

𝐸𝐼
= 0, 2𝜋, 4𝜋, 6𝜋 

The smallest critical load (Euler load), when first 

mode and𝑙 
𝑃

𝐸𝐼
 =2π 

𝑃𝑐𝑟 =
4𝜋2𝐸𝐼𝑦𝑦

𝐿2
                 … (12) 

For laminated composite, the modulus of 

elasticity is effective modulus (Eef), therefore the 

critical buckling load can be written as follows 

after substituting Eq. 3 in Eq. 12. 
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32𝜋2𝐼𝑦𝑦
𝐿2ℎ3
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3. FINITE ELEMENT MODELING 

As being one of the important tool in 

almost all the engineering applications to 

determine the stress analysis, the vibration and 

fatigue, Finite Element Method (FEM) has been 

used in this research in order to find out the 

critical buckling of a laminated composite beams 

at various composite ratio and orientation values. 

The current model was built to be a 

beam, that has clamped-clamped boundary 
condition, with hybrid laminated composite 

material that having twelve layers. Figure (3) 

presents the generated model which consists of a 

number of layers with their fiber orientation. 

After building the required model, eight noded 

multi-layer shell elements (shell-281), having six 

degree of freedom at each node was chosen as 

being a 3-D element modeling of solid structures 

as shown in Figure (4) and specified for layered 

applications of a structural shell model in ANSYS 

13[11]. This type of element has been utilized 
because each one of its elements has translations 

and rotation at each direction which gives a total 

of six degrees of freedom at each node. After that, 

the mesh sensitivity was checked in order to 

ensure an accepted number of elements with 320 

elements and 1129 nodes. The material that 

considered in this work were also specified by 

considering the glass fiber and the carbon fiber 

for the inner and the outer layers respectively as 

shown in Fig (5). 

 
Fig. 3 Laminate section case B2 

 

 
Fig. 4  Meshed model of the beam 

 

 
Fig. 5 Sections of laminate 

 

Six cases of laminated beam are considered 

in this study and listed in Table (2). 

 

Table2: Laminated beam considered in this study 

case Configuration description 

A1 [(G0)6]s 
case A number of 

carbon/epoxy layer is 
increased with the same 

orientation angle   

A2 [C0/(G0)5]s 

A3 [(C0)2/(G0)4]s 

A4 [(C0)3/(G0)3]s 

A5 [(C0)4/(G0)2]s 
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A6 [(C0)5/G0]s 

A7 [(C0)6]s 

B1 [C0/(G0)5]s 

case B altering the position 
of carbon layer from top to 

mid-plane with the same 

orientation angle 

B2 [G0/C0/(G0)4]s 

B3 [(G0)2/C0/(G0)]s 

B4 [(G0)3/C0/(G0)2]s 

B5 [(G0)4/C0/G0]s 

B6 [(G0)5/C0]s 

C1 [C0/(G0)5]s 

case C varying the 
orientation angle of hybrid 
laminate contain 2 layers of 
carbon fiber and 10 layers of 

glass fiber from 0˚ to 90˚ 

C2 [C15/(G15)5]s 

C3 [C30/(G30)5]s 

C4 [C45/(G45)5]s 

C5 [C60/(G60)5]s 

C6 [C75/(G75)5]s 

C7 [C75/(G75)5]s 

D1 [(C0)2/(G0)4]s 

case D varying the 
orientation angle of hybrid 
laminate contain 4 layers of 
carbon fiber and 8 layers of 

glass fiber from 0˚ to 90˚ 

D2 [(C15)2/(G15)4]s 

D3 [(C30)2/(G30)4]s 

D4 [(C45)2/(G45)4]s 

D5 [(C60)2/(G60)4]s 

D6 [(C75)2/(G75)4]s 

D7 [(C90)2/(G90)4]s 

E1 [(G0)6]s 

Case E varying  the 
orientation angle of glass 

fiber from 0˚ to 90˚  

E2 [(G15)6]s 

E3 [(G30)6]s 

E4 [(G45)6]s 

E5 [(G60)6]s 

E6 [(G75)6]s 

E7 [(G90)6]s 

F1 [(C0)6]s 

case F the orientation angle 
of carbon fiber varying from 

0˚ to 90˚ 

F2 [(C15)6]s 

F3 [(C30)6]s 

F4 [(C45)6]s 

F5 [(C60)6]s 

F6 [(C75)6]s 

F7 [(C90)6]s 

 

4. RESULTS AND DISCUSSIONS 

The finite element models for the 

laminated beams having twelve layers are 

occurred by using finite element software 

program ANSYS. The numerical results obtained 

for critical buckling loads of laminated composite 

beams are compared with analytical results and 

are found to be consistent with each other. 

With increasing the layers number of 

carbon-epoxy at same orientation angle and 

reducing the layers number of glass-epoxy for the 
laminated composite model beam, seven case 

studies  noted as (A1, A2, A3, A4, A5, A6, A7) 

have been considered in this study. At this point it 

is important to highlight that increasing the layers 

number of carbon-epoxy led to higher critical 

buckling loads as a result of increasing the 

effective elasticity modulus for the beam as 

shown in Fig. (6). 

Moreover, by altering the carbon layers 

position, from top to mid-plane at the same 

orientation angle, the different cases were named 

as (B1, B2, B3, B4, B5, B6). Here, the critical 
buckling loads show a remarkable decrease,as 

illustrated in Fig. (7) that is because the beam’s 

effective elasticity modulus was decreased. 

Figs. (8, 9) depict the analytical and 

numerical results for critical buckling load of 

hybrid laminated composite beam with two and 

four carbon layers by varying the orientation 

angle.  Fig. (8)shows the hybrid laminated 

composite beam with two carbon layers, it is 

noted that the critical buckling load is decreasing 

sharply with the orientation angle until θ=51˚, 
then it is start to increase. With the same 

mannerFig. (9), the critical buckling load also 

decreases with the increase the orientation angle, 

then start to increases but with a less degree as in 

Fig. (10) because of the increase of carbon layers. 

The minimum value of the critical load appears at 

the orientation angle 56◦. 

The cases (E1, E2, E3, E4, E5, E6, E7) 

have been investigated in order to compare the 

buckling analysis of the glass fiber for laminate 

composite beam at various orientation angle . The 

values of critical buckling loads decrease more 
and more by increasing  fiber  orientation angle 

from 0̊ until about 52˚  whereas after θ =52˚ the 

value increases, as shown in Fig. (10). The largest 

critical buckling loads are obtained with fiber 

orientation angle 0 ̊. 

The buckling load of laminated 

composite beams with different carbon fiber 

orientation was determined as in cases (F1, F2, 

F3, F4, F5, F6, F7). The result shows that the 

buckling load is decreasing sharply with increase 

in fiber orientation angle until θ=60˚ and remains 
approximately constant from θ = 60˚ to θ = 90˚. It 

is noticed that the maximum buckling load 

occurred at θ =0˚. When the orientation of the 

fiber changed from 0˚ to 30˚, the corresponding 

buckling load was decreased by 84%. The 

minimum buckling load occurred at θ=70˚. The 

variation of buckling load with fiber orientation 

can be shown in Fig.(11). 

 
Fig. 6  Effect of increasing carbon layer with same 

orientation angle on the critical buckling load 
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Fig. 7  Effect of varying the position of carbon 

layer with same orientation angle on the critical 

buckling load 
 

Fig. 8  Effect of orientation angle of hybrid 

laminate contain 2 layers of carbon fiber and 10 

layers of glass fiber on the critical buckling load 
 

Fig. 9 Effect of orientation angle of hybrid 

laminate contain 4 layers of carbon fiber and 8 

layers of glass fiber on the critical buckling load 
 

Fig. (10) Effect of orientation angle of glass fiber 

on the critical buckling load 

 

 
Fig. 11  Effect of orientation angle of carbon fiber 

on the critical buckling load 

 

5.  CONCLUSION  

1. The critical buckling loads increase when the 
layers number of carbon-epoxy increases with 

and without change fiber orientation angle. 

2. Significant change in the critical buckling loads 

occurs with changing the orientation angles of 

fiber. 

3. At same orientation angle, the critical buckling 

loads decrease with the altering the carbon-

epoxy layers’ position from outer surface 

towards mid-plane. 

4. The largest critical buckling loads values are 

obtained with fiber orientation angle of zero but 
the minimum values differ according to the 

type of fiber. 
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 :الخالصت

 وُجٌٍت هتزاكبت هواد لعتبت  الحزج االًبعاج قوة هقذار على لأللٍاف التوجٍَ وساوٌت الكاربوى طبقاث وهوقع عذد تأثٍز دراست تن

 التحلٍل وأجزي الحزج االًبعاج قوة هقذار حساب تن اوٌلز ًظزٌت باستخذام االٌبوكسً، هع والشجاج الكزبوى هي طولٍت ألٍاف هي هكوًت

وجذ توافق بٍي الٌتائج الٌظزٌت والتحلٍلٍت و الٌتائج فً  . ANSYSلبزًاهج الوحذدة العٌاصز طزٌقت باستخذام وُجٌٍت هتزاكبت هواد لعتبت العذدي
الكاربوى وٌقل عٌذ تغٍٍز هوقع طبقاث الكاربوى هي السطح باتجاٍ الوسط  طبقاث الحزج ٌشداد بشٌادة عذد االًبعاج البحث تبٍي باى هقذارقوة
. لأللٍاف التوجٍَ هع تغٍٍزساوٌت الحزج االًبعاج قوة للعتبت وكذلك ٌتغٍز هقذار
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