
Abdul-Razzak : Non-Linear Finite Element Analysis Of Reinforced Concrete Slabs For

1

Non-Linear Finite Element Analysis Of Reinforced Concrete Slabs ForCreep And Shrinkage

Majid A. AL JurmaaAyad A. Abdul-Razzak Assistant Lecture

Abstract

A non-linear, layered, finite element model for predicting the time dependent
behavior of reinforced concrete slabs under sustained transverse loading is
presented. The effects of biaxial creep and shrinkage are accounted for using
short form of creep and shrinkage prediction model B3 for structures of medium
sensitivity. The layered approach is used to represent the steel reinforcement
and discretize the concrete slab through the thickness. The reinforcement steel
is represented as a smeared layer of equivalent thickness with uniaxial strength
and rigidity properties. Elastic perfect plastic approaches have been employed
to model the compressive behavior of the concrete. The yield condition is
formulated in terms of the first two-stress invariant.  The movement of the
subsequent loading surfaces is controlled by the hardening rule, which is
extrapolated from the uniaxial stress-strain relationship defined by a parabolic
function. concrete crushing is a strain controlled phenomenon. Which is
monitored by a fracture surface similar to the yield surface. A smeared fixed
crack approach is used to model the behavior of the cracked concrete, coupled
with a tensile strength criterion to predict crack initiation. Several examples for
which experimental results are available are analyzed, using the proposed model
.The comparison showed good agreement.

Keywords:Creep and Shrinkage, Nonlinear Analysis Reinforced Concrete Slabs, Time
Dependent analysis.
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مدرس مساعد   أستاذ
مساعد

قسم الھندسة المدنیة/الھندسة كلیة-جامعة الموصل

الخلاصة

. سواء كانت ھذه الأحمال ثابتة أو متغیرة
B3لتقدیر الزحف والانكماش للمن

.للحریة
مثل . الطبقات لتمثیل حدید ال

سلوك الخرسانة بعد الخضوع في حالة الانضغاط كمادة مرنھ تامة اللدونھ أو كمادة مرنھ مع انفعالات لدنھ 
ة .

–
. .

اخذ . استخدم أسلوب الشق الثابت لتمثیل سلوك الخرسانة المتشققة مع شرط الشد للتنبؤ بحدوث الشق  كما 
. صلابة الشد في الخرسانة المتشققةبنظر الاعتبار تأثیر 
لت عدة .. تصلب انفعال خطي  حل

.ت توافقأ جیدا مع النتائج العددیةأمثلھ ذات نتائج عملیھ منشوره باستعمال الأسلوب المقترح و أظھر

Notation

Ae         Element area

B           Strain-displacement matrix

Bb Bending strain-displacement matrix

Bs Transverse shear strain-displacement matrix

D          Elasticity matrix

Db Flexural rigidities

Ds Shear rigidities

E          Youngs modulus

F          Percent fines by weight
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cf '

Concrete cylinder compressive strength

f cmax
' Maximum compressive strength in the direction parallel to the crack

direction.

H          Ambient humidity or hardening parameter
K          Stiffness matrix

Kb Bending stiffness matrix

Ks Transverse shear stiffness matrix

Mx,My,Mxy Generalized stress resultants (moments)

Qx,Qy Generalized stress resultants (shear forces)

S            Slump

t Time in days

w, di Displacements

xz, yz Transverse shear strains in Cartesian coordinate system.

b Bending strain tensor

s Transverse shear strain tensor.

xi, yi Rotations about x and y axes, respectively.

 Poissons ratio

Introduction
The failure of a high parabolic (HP) gable shell roof in Virginia, seven

years after its construction [1] underlines the importance of the application of
realistic and rational models, load conditions and methods for the analysis and
design of such structures. To guarantee the serviceability of any structure
throughout its useful period, it may be important to perform an analysis to obtain
the response history during that period incorporating inelastic and time-
dependent effects. Moreover, for the correct estimation of safety against failure,
an ultimate analysis becomes mandatory. The development of the finite element
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method with the simultaneous application of increasingly efficient and
sophisticated digital computers in recent years has resulted a significant progress
in the investigation of the behavior of reinforced concrete structures for time
dependent effects such as creep, shrinkage, temperature changes and load
history. Wei Yang et al [2] developed a test method to assess the potential of
shrinkage cracking and developed a theoretical model to predict cracking and a
method for evaluation of a non expansive shrinkage reducing admixture.

Robert Geist [3] presented a technical note for the fundamental
computation for the foundation of an algorithm used to predict the creep
behavior of material under stress. The model class employs four components
with matched derivatives to represent the traditional primary, secondary, and
tertiary stage of creep.

Sandeep Baweja et al [4] showed how the mechanism of elastic composite
materials can be adopted to predict the basic creep of concrete with aging due to
hydration. The prediction is made on the basis of the given composition of
concrete the elastic constants of the aggregate and the aging viscoelastic
properties of the Portland cement estimated by Dvorak's transformation field
analysis.

Amin Ghali and Azarnejad [5] presented a summary of methods of
analysis to predict the immediate and time dependent strains in reinforced
concrete sections with or without prestressing.

AL-Naimi [6] adopted three-dimensional computational models of eight
and twenty node elements for the idealization of the concrete brick element by
assuming perfect bond with imbedded steel. Non-linear material and time -
dependent effects have been included in this analysis.

Abdul-Razzak and al Jurmaa [7] presented effect of mix property on time
dependent behavior of reinforced concrete slabs, the effects of biaxial creep and
shrinkage are considering by using the provisions of ACI committee.

Abdul-Razzak and Al Jurmaa [8] presented a finite element model for
predicting the time dependent behavior of reinforced concrete slab under
sustained transverse loading , They included the nonlinear effect in this analysis.

Basic theory
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The variation of the displacement and rotation fields over a Mindlin plate
element is given by the following expression [9].

  i

n

1=i
i

T
yx dN=,W,  (1)

where iN the shape function for node ( i) in the natural coordinate .

The plate curvature-displacement and shear strain-displacement relations are

then written as:


n

=1i
ibib dB , 




n

i
is dBsi

1
 (2)

The moment-curvature and shear force-shear strain relationships are given as:

[M x, M y, M xy]T = D b  b, [Q x, Q y] T = Ds s (3)

The stiffness matrix (Kij) contributions from the bending and shear relations
can be written as:

dABDB=e
bij bjb

Ae

T
biK , dABDB=e

sijK sjs
Ae

T
si (4)

Time–dependent analysis
Mechanisms of creep and shrinkage in concrete are not fully understood and the
prediction of creep and shrinkage behavior in concrete is imprecise at best.
Creep and shrinkage are often treated as separate and independent phenomena.
In actuality the effect of creep is significantly greater when accompanied by
shrinkage e.g., drying creep is the additional creep resulting from drying of
concrete.

Over the last two decades , number of predictive models have been developed to
take into account the interdependence of creep and shrinkage [10].

In the time dependent analysis of reinforced concrete, it is convenient to
represent creep of concrete by using a creep coefficient, defined as the ratio of
creep strain to elastic (instantaneous) strain. This presumes that the creep strain
is linearly related to the applied stress through the elastic term. The assumption
of linearity of creep must be made for the principle of superposition to be used
in a time dependent analysis considering a multi- pulse process. This condition
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is generally met when the applied stress is about 50%  less than the concrete
strength [10,11].
The long term creep strains of concrete under service stress are typically 2 to 6
times the short –term elastic strains, and even short -term deformation of about
10 minute duration comprises 25-50 % of the creep. Thus, consideration of
creep is important for realistic analysis of concrete structures [11, 12].The
present study considered the B3 model as conclusion of too many research that
high accuracy for determined true behavior of concrete in creep and shrinkage
[13].

Applicability range

The prediction of material parameters of the present model from strength and
composition is restricted to Portland cement concrete with the following
parameter ranges: [13]

17 MPa   < '
cf < 70 MPa                                                                       (5)

160 kg/m 3 < c <720 kg / m 3 (6)

0.35 <w/c <0.85                       2.5<a/c < 13.5                                             (7)

where w/c water / cement ratio , c is cement content .

(The numbers 0.85 and 720 kg / m 3 are, of course, outside the range of good
concerts in today's practice)

The average compliance function for the cross section of a long member,
representing the sum of the instantaneous deformation ,the combined basic creep
and the additional creep due to drying ,is expressed as:

J(t- 't )=q1+ ),,(),( 0
''

0 tttCdttC  (8)

where q1 is instantaneous deformation

),( '
0 ttC basic  creep

),,( 0
' tttCd secondary creep due to drying .
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Basic creep

Based on the log-double power low [14], the basic creep compliance function is
given as :

})]()[(1ln{),( '
0

'
0

nm tttqttC    (9)

In which m=0.5, n=0.1,  =0.001,  =0.3, 0q initial deformation.

Mean shrinkage and creep of cross section at drying

The initial relative humidity in the pores of concrete is 100 0
0 . Subsequent

exposure to environment causes a long -term drying process, which causes
shrinkage and additional creep.

Shrinkage

Mean shrinkage strain in the cross section. [13]

)(..),( 0 tSkhtt shsh   (10)

)(tS Time dependent function.

S(t)=tanh
sh

tt


0 (11)

( kh ) Humidity Dependence.

kh = 1- 3h for                         h 98.0

= - 0.2                 for         h=1 (swelling in water ) (12)

Linear interpolation for             0.98 1 h ,

where h  is humidity , k factor depend on cement type. [13]

Size Dependence:
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sh =4.9 2D (D   in  cm)                                                            (13)

where  D=2 v/s =effective cross -section thickness .

where v/s is ratio of  volume to surface area of member. [13]

Additional Creep due to Drying (drying creep)

5.0)'t(H3)t(H3
0

' ]ee[5q)t,t,t(Cd   for 0
' tt  (14)

in   which

H(t) =1-(1-h  )S(t))                                                                                    (15)

Parameter prediction based on strength and water content of concrete

Some formulae that follow are valid only in certain dimension. [13]

Basic Creep:

5.0'
0 cf2408q  ; 28

6 E/106.01q  ; '
28 fc4743E  (16)

Shrinkage:

sh = ]270)(019.0[21 28.0'1.2 cfw ( in 610 )                          (17)

1 =     1.0           for type   I    cement

1 =     0.85         for type   II   cement (18)

=     1.1           for type  III   cement

2 =    0.75          for  steam – cured concrete

2 =    1.0            for concrete cured  in water or 100 0
0 relative  Humidity

1
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2 =    1.2             for concrete   sealed  during  curing                           (19)

Creep at Drying

1' )(60005  cfq (20)

The present model B3 have typical shrinkage and creep curves show in Fig(1).

Material modelling

Based on the flow theory of plasticity, the nonlinear compressive behavior of
concrete is modeled. Adopting Kupfer’s results [15], the yield condition for the
slabs can be written in terms of the stress components as:

f()={1.355[(x
2+2

y-xy)+3(xy
2+xz

2+yz
2)]+0.355o(x+y)}1/2=o

(21)

where (o ) is the equivalent effective strength taken as compressive strength (
©
cf ) obtained from uniaxial test. Both perfect-plastic and strain hardening

plasticity approaches are employed which are illustrated, for one dimension, in
Fig. (2).
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Fig. (1)Typical shrinkage and creep curves given by the model B3 (shortform).[13]
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Fig. (1)Typical shrinkage and creep curves given by the model B3 (shortform).[13]
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Fig. (1)Typical shrinkage and creep curves given by the model B3 (shortform).[13]
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Fig.(2) Uniaxial representation of the concrete constitutive model.[15]

The crushing type of concrete is a strain-controlled phenomenon.  A simple way
is used by converting the yield criterion in stresses into the yield criterion
directly in terms of the strain, thus crushing condition can be expressed in terms
of the total strain components as:

1.355 [(x
2+2

y-xy)+0.75(xy
2+ xz

2+yz
2)]+0.355u(x+ y) =u

2 (22)

When Equation (22) is satisfied, the strain (u) reaches the crushing surface, and
the concrete is assumed to lose all its characteristics of strength and stiffness.

The response of concrete in tension is assumed to be linearly elastic until the
fracture surface is reached. Cracks are assumed to form in planes perpendicular
to the direction of maximum principal tensile stress if the maximum stress
reaches the specified concrete tensile strength. After cracking has occurred, a
gradual release of the concrete stress component normal to cracked plane is
adopted according to a tension-stiffening diagram illustrated in Fig. (3). The
process of loading and unloading of cracked concrete is also shown in Fig. (3).
A reduced shear modulus taken as a function of the current tensile strain is used
to simulate aggregate interlock and dowel action.

Stresses

i

tf.

tf
7050 .. 
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The tensile cracks produces damage to concrete with the transverse strain having
a degrading effect not only on the compressive strength but also in the
compressive stiffness, so that the concrete in this case become softer and weaker
than that in a standard cylinder test. In the present study the relationship
suggested by Belarbi and Hsu [16] is adopted,

1

'

max
'

4001

9.0


 c

c
ff (23)

where 'fc is the concrete cylinder compressive strength and ( ) 1 is the average
principal tensile strain of concrete in direction (1).

Steel reinforcement is modeled by considering the steel bars as layers of
equivalent thickness. Each steel layer exhibits uniaxial response, having strength
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and stiffness characteristics in the bar direction. A bilinear idealization is
adopted in order to model the elasto-plastic stress-strain relationships.

An incremental /iterative Newton-Raphson method is employed in order
to trace the response of the structure through the loading history.

Numerical examples

Example one

A one way slab, under uniform load given by reference [17] is shown in Fig (4).
The material properties are given in table (1). Taking advantage of symmetry
only one quarter of the slab is considered and idealized by 16 slab elements.
Results of load deflection curves are shown in Fig (5). Good agreement is
obtained by the proposed elements compared with the experimental results.

Table.1 Material properties for slab of example (1)

Slab

No

Ec

MPa

fc

MPa

c ft

MPa

 m Fy

MPa

Es

MPa

Es

MPa

1 25097 32.26 0.15 3.2 0.6 0.002 339 0.0 200000

Cross Section

58.7mm 76.2 mm

Cross-section
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mm104

Fig.(4) Geometry and details for the slab of example 1.
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Fig.(5) Time deflection at the center of slab.
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0          200       400       600       800       1000     1200     1400     1600
1800      2000
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Fig.(6) Time deflection at the center ofslab.

Example two

A square slab supported at the four corners and subjected to uniform load is
shown in Fig (7).This example is analyzed by reference [18]. The material
properties are given Taking advantage of symmetry only one quarter of the slab
is considered and idealized by 16 slab elements. Results of load deflection
curves are shown in Fig (8), Variation of compressive strength and modulus of
elasticity with time are shown in Fig (9) and Fig (10) respectively.

Good agreement is obtained by the proposed models compared with the
experimental results.

63
mm

51
mm

63
mm

51
mm

+ Ve Moment section

- Ve Moment section at column corner

1.96mm

2.36mm

2.36mm

8 5mm

8 5mm
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Fig (7) Geometry and details of example 2.

Table.2 Material properties for slab of example (2)

Slab

No

Ec

MPa

fc

MPa

c ft

MPa

 m fy

MPa

Es

MPa

Es

MPa

2 25134 27.28 0.15 3.2 0.6 0.002 417 0.0 200000
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Fig (8) Variation of deflection with time.
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Conclusions
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The developed B3 model concerning the plasticity theory  proved to give
satisfactory results  for the analysis for  of materials and time dependent effects
on reinforced concrete slabs . The variation of deflection, compressive strength
and  modulus  of elasticity  with time obtained by the non- linear finite element
analysis   are in good agreement with the experimental  results.

Design procedures for such structures should incorporate the effects of long time
behavior of concrete to determine both the serviceability and the ultimate safety
criteria during the design life of such structures.
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